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Abstract
An R-module M is called strongly Hopfian (respectively strongly co-Hopfian) if for every endomorphism
f of M the chain Kerf ⊆ Kerf 2 ⊆ · · · (respectively Imf ⊇ Imf 2 ⊇ · · ·) stabilizes. The class of strongly
Hopfian (respectively co-Hopfian) modules lies properly between the class of Noetherian (respectively Ar-
tinian) and the class of Hopfian (respectively co-Hopfian) modules. For a quasi-projective (respectively
quasi-injective) module, M , if M is strongly co-Hopfian (respectively strongly Hopfian) then M is strongly
Hopfian (respectively strongly co-Hopfian). As a consequence we obtain a version of Hopkins–Levitzki
theorem for strongly co-Hopfian rings. Namely, a strongly co-Hopfian ring is strongly Hopfian. Also we
prove that for a commutative ring A, the polynomial ring A[X] is strongly Hopfian if and only if A is
strongly Hopfian.
© 2006 Elsevier Inc. All rights reserved.
Keywords: Co-Hopfian; Fitting; Generalized Fitting; Hopfian; Strongly co-Hopfian; Strongly Hopfian
1. Introduction
The study of modules by properties of their endomorphisms is a classical research subject.
For instance, the well-known result that every surjective (respectively injective) endomorphism
in a Noetherian (respectively Artinian) module is an automorphism, motivates and leads partly,
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to several authors (for more information about this and others related topics, see, for instance,
[KAP-45,BEP-59,CRA-62,FUC-73,HES-95,HAK-98,HAV-01,GHH-02,GUS-04,NSC-04]).
Starting from the following facts: (1) The proof that every Noetherian (respectively Ar-
tinian) module, M , is Hopfian (respectively co-Hopfian), involves only stationary chains of
the type Kerf ⊆ Kerf 2 ⊆ · · · (respectively Imf ⊇ Imf 2 ⊇ · · ·) where f is any endomor-
phism of M . (2) There exist modules that satisfy these conditions but they are neither Artinian
nor Noetherian. (3) Furthermore, there exist Hopfian and co-Hopfian modules that do not sat-
isfy the previous conditions. We introduce the class of strongly Hopfian (respectively strongly
co-Hopfian) modules, as the modules M satisfying that the chains Kerf ⊆ Kerf 2 ⊆ · · · (re-
spectively Imf ⊇ Imf 2 ⊇ · · ·) are stationary for every f ∈ End(M). In this work we intend to
investigate these two classes of modules.
The paper is organized as follows: In Section 2, after recalling some well-known facts about
Hopfian and co-Hopfian modules, we introduce the definition of the two classes of modules sub-
ject of our study, showing that the class of strongly Hopfian (respectively co-Hopfian) modules
lies properly between the class of Noetherian (respectively Artinian) and the class of Hopfian
(respectively co-Hopfian) modules, Definition 2.4 and Corollary 2.8. Applying these notions to
rings, as modules over themselves, we obtain interesting classes of rings, some of them are well
known and very interesting, as the strongly π regular rings.
In Section 3, some classical results on modules and rings that satisfy chain conditions over
submodules are extended, and sometimes improved. We show that a quasi-projective (respec-
tively quasi-injective) strongly co-Hopfian (respectively strongly Hopfian) module is strongly
Hopfian (respectively strongly co-Hopfian), Theorem 3.2. It is well known that the analogue
result for Artinian (respectively Noetherian) modules is not true, even if the module is projec-
tive (respectively injective). As a corollary we obtain a version of Hopkins–Levitzki theorem
for strongly co-Hopfian rings. We also deduce from Theorem 3.2 that a semi-simple module is
strongly Hopfian if and only if it is strongly co-Hopfian, if and only if it is a Fitting module. We
also give a structure theorem for this kind of modules, Theorem 3.10.
In Section 4, after showing the existence of finitely generated strongly co-Hopfian modules
with factors that are not strongly co-Hopfian, we prove that for a finitely generated module,
M , the following conditions are equivalent: (1) every factor module of M is co-Hopfian, and
(2) every factor module of M is strongly co-Hopfian, Proposition 4.2. As corollaries we obtain
characterizations, some of them well known, of the rigs R such that Mn(R) is a strongly π regular
ring for every integer n  1. With the help of the notion of completely π -regular ring (Defini-
tion 4.10), we obtain a new characterization of rings over which every finitely generated module
is Fitting (without using the notion of repetitive ideal due to Goodearl [GOO-87]), Theorem 4.12.
In Section 5 we prove an analogue to Hilbert’s basis theorem for commutative strongly Hop-
fian rings, Theorem 5.1.
Motivated by the well-known result that every Artinian or Noetherian Banach algebra is
finite-dimensional, [SIT-74], we show, in the last section, that every strongly co-Hopfian Banach
algebra is algebraic, Theorem 6.1, pointing out that the analogue result for strongly Hopfian
Banach algebras is not true.
2. Definitions, examples and preliminaries
The rings considered in this paper are associative with unit. Unless otherwise mentioned, all
the modules considered are left unitary modules.
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Definition 2.1. M is called Hopfian (respectively co-Hopfian) if every surjective (respectively
injective) endomorphism of M is an automorphism.
The ring R is called left Hopfian (respectively left co-Hopfian) if the left R-module RR is
Hopfian (respectively co-Hopfian).
M is called a Fitting module if every endomorphism f of M satisfies Fitting’s lemma (i.e.,
there exists an integer n 1 such that M = Kerf n ⊕ Imf n)
Remark 2.2. The following facts are well known:
(1) Every Noetherian (respectively Artinian) R-module M (i.e., M has ACC (respectively DCC)
on submodules), is Hopfian (respectively co-Hopfian) [ANF-92].
(2) The additive group Q of rational numbers is a non-Noetherian non-Artinian Z-module,
which is Hopfian and co-Hopfian.
(3) A ring R is left Hopfian if and only if R is Dedekind finite (i.e., ab = 1 ⇒ ba = 1 in R), if
and only if R is right Hopfian. In particular, every commutative ring is Hopfian.
(4) R is left co-Hopfian if and only if every right regular element a in R (i.e., xa = 0 ⇒ x = 0) is
invertible (i.e., there exists b ∈ R: ab = ba = 1). That is, R is its own classical right quotient
ring. There exists a left co-Hopfian ring which is not right co-Hopfian [VAR-00].
(5) Every Artinian and Noetherian R-module is Fitting [ANF-92].
(6) Every Fitting R-module is Hopfian and co-Hopfian [ANF-92].
(7) An R-module M is Fitting if and only if EndR(M) is strongly π -regular (i.e., for every
f ∈ EndR(M) there exists g ∈ EndR(M) and an integer n such that f n = gf n+1 = f n+1g)
[AFS-78].
(8) Given any non-zero module M, any infinite direct sum of copies of M is neither Hopfian nor
co-Hopfian [VAR-92].
For more information about Hopfian and co-Hopfian modules and rings we can see [BAU-63,
GOO-87,HIR-86,VAS-70,VAR-92,VAR-97], and the recent survey of Varadarajan [VAR-00].
Recently Haghany and Vedadi, [HAV-01], and Ghorbani and Haghany, [GHH-02], respec-
tively, introduced and investigated the weakly co-Hopfian (respectively generalized Hopfian)
modules (i.e., every injective endomorphism has an essential image) (respectively every surjec-
tive endomorphism has a small kernel). On the other hand, Kasch and Mader, [KAM-04] study
LR and SR modules, another generalization of co-Hopfian and Hopfian modules, respectively.
Remark 2.3. In realizing that every Noetherian (respectively Artinian) module M is Hopfian
(respectively co-Hopfian), [KAS-82], the ACC (respectively DCC) is only applied to chains of
the form
(1.1) Kerf ⊆ Kerf 2 ⊆ · · · ⊆ Kerf n ⊆ · · ·
(1.2) (respectively Imf ⊇ Imf 2 ⊇ · · · ⊇ Imf n ⊇ · · ·),
where f is any endomorphism of M .
Since Z-endomorphisms of Q are either zero or automorphisms, it follows that Q is a non-
Noetherian non-Artinian Z-module which satisfies both conditions (1.1) and (1.2).
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Definition 2.4. An R-module M is called strongly Hopfian (respectively strongly co-Hopfian)
if for every endomorphism f of M the ascending (respectively descending) chain Kerf ⊆
Kerf 2 ⊆ · · · ⊆ Kerf n ⊆ · · · (respectively Imf ⊇ Imf 2 ⊇ · · · ⊇ Imf n ⊇ · · ·) stabilizes.
A strongly Hopfian or strongly co-Hopfian module will be called a Generalized Fitting mod-
ule.
If RR is strongly Hopfian (respectively strongly co-Hopfian), then we say that the ring R is
left strongly Hopfian (respectively left strongly co-Hopfian).
The following two propositions are easy consequences of other well-known results (see, for
instance, [KAS-82]).
Proposition 2.5. For an R-module M the following statements are equivalent:
(1) M is strongly Hopfian.
(2) For every f in EndR(M) there exists an integer n 1 such that Kerf n = Kerf n+1.
(3) For every f in EndR(M) there exists an integer n 1 such that Imf n ∩ Kerf n = 0.
Proposition 2.6. For an R-module M the following statements are equivalent:
(1) M is strongly co-Hopfian.
(2) For every f in EndR(M) there exists an integer n 1 such that Imf n = Imf n+1.
(3) For every f in EndR(M) there exists an integer n 1 such that Imf n + Kerf n = M .
Proposition 2.7. For a ring R, we have:
(1) Every Noetherian R-module is strongly Hopfian, and every Artinian R-module is strongly
co-Hopfian.
(2) An R-module M is both strongly Hopfian and strongly co-Hopfian if and only if M is a
Fitting module.
(3) A strongly Hopfian (respectively co-Hopfian) R-module is Hopfian (respectively co-
Hopfian).
(4) There exists a semi-simple Z-module which is both Hopfian and co-Hopfian, but is neither
strongly Hopfian nor strongly co-Hopfian.
Proof. Assertion (1) is trivial, (2) and (3) are well known [ANF-92], therefore we prove only as-
sertion (4). Choose a strictly increasing sequence {pn}, n 1, of prime numbers. For n 1, con-
sider the Z-module Mn := (Z/pnZ)n and define Sn :Mn → Mn by Sn(ek) := ek−1 if 1 < k  n,
and Sn(e1) = 0 being {ek: 1  k  n}, the natural basis of Mn as a Z/pnZ-vector space. Now,
consider M := ⊕n1 Mn and S :=
⊕
n1 Sn :M → M. It is easily seen, applying Proposi-
tion 2.14, that the Z-module M is both Hopfian and co-Hopfian. However, M is neither strongly
Hopfian nor strongly co-Hopfian, since for every n 1 we have ImSn  ImS2n  · · ·  ImSnn =
{0} and KerSn  KerS2n  · · ·  KerSnn = M , and for every m  1, ImSm =
⊕
n1 ImSmn ,
KerSm =⊕n1 KerSmn (see Theorem 3.10). 
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(1) M is Noetherian (respectively Artinian).
(2) M is strongly Hopfian (respectively strongly co-Hopfian).
(3) M is Hopfian (respectively co-Hopfian).
Then (1) implies (2) implies (3) and they cannot be reversed (even for semi-simple modules).
Given a ring R and an element a ∈ R, we define ρa :R → R by ρa(x) := xa, and we put
l(a) = kerρa = {x ∈ R: xa = 0}.
Proposition 2.9. For a ring R, we have:
(1) R is left strongly Hopfian if and only if for every a ∈ R there exists n ∈ N such that l(an) =
l(an+1).
(2) R is left strongly co-Hopfian if and only if for every a ∈ R there exist n ∈ N and b ∈ R such
that an = ban+1 (if and only if R is right strongly co-Hopfian, if and only if R is a strongly
π -regular).
Proof. Assertion (1) and the first equivalence in (2) are consequences of the fact that End(RR) =
{ρa: a ∈ R}. The second and third equivalences in assertion (2) are consequences of a theorem
of Dischinger [DIS-76] and Azumaya [AZU-54]. 
Example 2.10. Any ring with maximum condition on left annihilators is left strongly Hopfian,
in particular every Goldie ring is strongly Hopfian. The left or right perfect ring are strongly π
regular rings.
Proposition 2.11. Let R be a left perfect ring and M an R-module with M/J(M) strongly co-
Hopfian (respectively strongly Hopfian). Then M is finitely generated.
Proof. Consider the quotient module M¯ = M/J(M) where J (M) is the Jacobson radical of M .
Since M¯ is annihilated by J (R) it can be considered as a module over the semi-simple ring
R¯ = R/J (R). If M¯ is a strongly co-Hopfian (respectively strongly Hopfian) R-module then it
is also strongly co-Hopfian (respectively strongly Hopfian) as R¯-module. We will see below, in
Corollary 3.11, that in this case M¯ is Noetherian and so finitely generated. As J (M) is small
in M , we can apply now Theorem 9.4.1 in [KAS-82] to obtain that M is finitely generated. 
Definition 2.12. We will say that a module, M , is strongly Hopfian bounded (respectively
strongly co-Hopfian bounded) when there exists a positive integer n such that for every endo-
morphism f ∈ End(M) we have that Kerf n = Kerf n+1 (respectively Imf n = Imf n+1). In
this case, the smallest such positive integer is the degree of M .
Example 2.13. Any module of finite length, n, is strongly Hopfian and strongly co-Hopfian
bounded and the degree is just n. Q considered as a Z-module is Fitting bounded of degree 1 and
the Z-module Zp∞ is strongly co-Hopfian of degree 1 (it is Artinian and every endomorphism of
Zp∞ is 0 or surjective).
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0 for every i = j and let M =⊕i∈I Mi . Then:
(1) M is Hopfian (respectively co-Hopfian) if and only if for every i ∈ I all the modules Mi are
so.
(2) If I is a finite set, then M is strongly Hopfian (respectively strongly co-Hopfian) if and only
if for every i ∈ I all the modules Mi are so.
(3) If any Mi is strongly Hopfian (respectively strongly co-Hopfian) bounded, then M is strongly
Hopfian (respectively strongly co-Hopfian) bounded if and only if the set of degrees of Mi is
bounded.
Proof. Since Hom(Mi,Mj ) = 0, for i = j , we have that End(M) =∏i∈I End(Mi). Therefore
if f = (fi) is an endomorphism of M we have that f (∑ai) =∑fi(ai), this sum is well defined
because almost all ai vanish, that is f =⊕i∈I fi .
(1) Obviously, f is injective (respectively surjective) if and only if for every i ∈ I fi is so
(since Imf m =⊕ Imfmi and Kerf m =
⊕
Kerf mi ).
(2) It is clear.
(3) Suppose that the set of degrees {ni : i ∈ I } is not bounded, choose a strictly increasing
sequence nk , k  1, let N :=⊕Mk , N is a direct summand of M . We can select in every
Mk an endomorphism fk such that Kerfknk = Kerfknk+1 (respectively Imf nkk = Imf nk+1k ) but
Kerf nk−1k  Kerf
nk
k (respectively Imf nkk  Imfknk−1). The endomorphism f =
⊕
fk of N
does not satisfy that the ascending (respectively descending) chain Kerf ⊆ Kerf 2 ⊆ · · · ⊆
Kerf n ⊆ · · · (respectively Imf ⊇ Imf 2 ⊇ · · · ⊇ Imf n ⊇ · · ·) stabilizes. 
Example 2.15. Using the above proposition we can show that Q/Z is a strongly co-Hopfian
Z-module. In fact, Q/Z =⊕p∈P Zp∞ where p is a prime number and Zp∞ is the p-primary
component of Q/Z. We have that Hom(Zp∞ ,Zq∞) = 0 for every p = q, and Zp∞ is strongly
co-Hopfian bounded of degree 1, Example 2.13.
Remark 2.16.
(1) The left and right strongly co-Hopfian rings have been introduced by Kaplansky [KAP-50],
Azumaya calls them strongly π -regular rings and he proves that for such a ring R and for
every a ∈ R there exist m ∈ N and c ∈ R satisfying ac = ca and am = cam+1 [AZU-54].
Dischinger proved in 1976 that left strongly co-Hopfian rings are right strongly co-Hopfian
[DIS-76].
(2) Commutative strongly Hopfian rings have been considered recently by J. Xu, [XUJ-95].
(3) The ring R =∏n1 Z/2nZ is Hopfian (every commutative ring is Hopfian) but not strongly
Hopfian: Let x = (xn) with xn = 2 + 2nZ. For every k  1 let y = (yn) with yn = 0 if
n = k + 1 and yk+1 = 1 + 2k+1Z, then we have y ∈ l(xk+1) but y /∈ l(xk).
(4) Neither submodules nor quotients of strongly Hopfian (respectively strongly co-Hopfian)
modules need to be strongly Hopfian (respectively strongly co-Hopfian) as the following
examples show:
(a) QZ is strongly co-Hopfian but Z is not even co-Hopfian.
(b) For any prime p let Z(p) = {m/n ∈ Q: (p,n) = 1}. Then⊕p∈P Z(p) is strongly Hopfian
because Hom(Z(p),Z(q)) = 0 for every p = q and the non-zero endomorphisms of Z(p)
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Hopfian as Z-module but the submodule Z(N) is not even Hopfian.
(c) QZ is Fitting but Q/Z is not strongly Hopfian.
(d) In [KS-88, Proposition 7] it is given for every non-principal Artinian commutative ring
R an R-module, M, that is Fitting but it is not finitely generated. Taking into account
Proposition 2.11 we obtain that M/J(M) is not strongly co-Hopfian.
Proposition 2.17. Let M be an R-module and N a submodule of M :
(1) If M is strongly Hopfian (respectively strongly co-Hopfian) and N is a direct summand then
N and M/N are both strongly Hopfian (respectively strongly co-Hopfian).
(2) If N is fully invariant (i.e., f (N) ⊆ N for every endomorphism f of M) such that N and
M/N are strongly Hopfian (respectively strongly co-Hopfian) then so is M .
Proof. (1) It suffices to show that N is strongly Hopfian (respectively strongly co-Hopfian).
Suppose that M = N ⊕L and let h be an endomorphism of N that can be extended to M as f =
h⊕ 0, being 0 the zero endomorphism of L. Since M is strongly Hopfian (respectively strongly
co-Hopfian) there exists n ∈ N such that Kerf n = Kerf n+1 (respectively Imf n = Imf n+1).
Now it is easy to see that Kerhn = Kerhn+1 (respectively Imhn = Imhn+1). Thus, N is strongly
Hopfian (respectively strongly co-Hopfian).
(2) Let f be an endomorphism of M and N a fully invariant submodule, then f induces an
endomorphism f1 of N and other g of M/N defined in the natural way.
Since N and M/N are strongly co-Hopfian, there exists n ∈ N such that gn(M/N) =
gn+k(M/N) and f n1 (N) = f n+k1 (N).
Let p = 2n, for every x ∈ M we have gn(x + N) = gn+1(y + N), for some y ∈ N , that
is t = f n(x) − f n+1(y) ∈ N , hence f n(t) = f p+1(z) for some z ∈ N and therefore f p(x) =
f p+1(y + z). Thus, we obtain that M is strongly co-Hopfian.
Suppose now that N and M/N are strongly Hopfian n ∈ N such that Kerf n1 = Kerf n+k1
and Kergn = Kergn+k . Let x ∈ Kerf 2n+1, then g2n+1(x + N) = 0, that is y = f n(x) ∈ N and
f n+1(y) = 0. We obtain that y is in Kerf n+11 = Kerf n1 and then x ∈ Kerf 2n. This shows that
M is strongly Hopfian. 
Corollary 2.18. Let M =⊕1in Mi where Mi is a fully invariant submodule for every 1 
i  n. If every Mi is strongly Hopfian (respectively strongly co-Hopfian) then so is M .
Proof. By induction on the number of summands. 
3. Strongly Hopfian and strongly co-Hopfian quasi-projective or quasi-injective modules
Definition 3.1. An R-module M is called quasi-projective (respectively quasi-injective) if for
any surjective (respectively injective) homomorphism g of M onto N (respectively of N into M)
and any homomorphism, γ of M (respectively N ) to N (respectively to M), there exists an
endomorphism h of M such that: γ = gh (respectively γ = hg) (i.e., there exists h :M → M
such that the diagram
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h
γ
M
g
N 0
⎛
⎜⎜⎜⎝respectively
M
0 N
γ
g
M
h
⎞
⎟⎟⎟⎠
commutes).
Clearly, every projective module is quasi-projective and every injective module is quasi-
injective.
Theorem 3.2. Let M be an R-module, then we have:
(1) If M is quasi-projective strongly co-Hopfian, then M is strongly Hopfian.
(2) If M is quasi-injective strongly Hopfian, then M is strongly co-Hopfian.
Proof. (1) Assume that M is a strongly co-Hopfian quasi-projective module and let f be an
endomorphism of M. By Proposition 2.6, there exists an integer n such that Imf n = Imf n+1 .
Let g :M → Imf n = Imf n+1, g(x) := f n+1(x), and γ :M → Imf n = Imf n+1, γ (x) = f n(x)
(for every x ∈ M), then by the above definition there exists h :M → M , such that: γ = gh, in
other words, f n = f n+1h:
M
fn
h
M
fn+1
Imf n 0.
By Dischinger theorem (Remark 2.2(7)), [DIS-76], EndR(M) is strongly π -regular. Then M
is a Fitting module by [AFS-78], and finally M is strongly Hopfian by Proposition 2.7(2).
(2) Now assume that M is a quasi-injective strongly Hopfian module. Let f in EndR(M), then
by Proposition 2.5, there exists an integer n such that Kerf n ∩ Imf n = 0, we define g : Imf n →
M by g(f n(x)) := f n+1(x) for every x ∈ M . If f n+1(x) = 0 we have that f n(x) is in Kerf n ∩
Imf n = 0 so g is injective. Let γ : Imf n → M , the natural inclusion, γ (f n(x)) = f n(x), then
by the above definition there exist an endomorphism h :M → M , such that γ = hg, hence f n =
hf n+1:
M
0 Imf n
γ
g
M
h
and we conclude as in the proof of (1). 
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module is a Fitting module.
Remark 3.4. In particular every projective strongly co-Hopfian or injective strongly Hopfian
module is a Fitting module. It is known that the analogous result, is not true for Artinian
nor Noetherian modules. There exist a projective (respectively injective) Artinian (respectively
Noetherian) R-module that is not Noetherian (respectively Artinian), as Fisher (respectively
Miller and Turnidge) shows [ALN-84, Remark 8.8, and Example 9.11].
Now we obtain a version of the Hopkins–Levitzki theorem for strongly co-Hopfian rings.
Corollary 3.5. Every strongly co-Hopfian ring, R, is strongly Hopfian.
Proof. RR is a projective R-module and the previous theorem can be applied. 
Corollary 3.6. Let R be a ring and n ∈ N. Then the following conditions are equivalent:
(1) The R-module Rn is strongly co-Hopfian.
(2) The R-module Rn is a Fitting module.
(3) The matrix ring Mn(R) is strongly π regular.
Proof. RRn is a projective R-module, so the previous theorem can be applied to obtain (1)
implies (2). By a result of [AFS-78], the assertion (2) is equivalent to (3) (see Remark 2.2(7)).
Clearly (2) implies (1). 
Corollary 3.7. The endomorphism ring, EndR(M), of a quasi-projective strongly co-Hopfian or
quasi-injective strongly Hopfian module M , is strongly π -regular.
Proof. We can apply again Theorem 3.2 and [AFS-78]. 
Theorem 3.8. (Fisher, Harada [ALN-84, Corollary 4.14]) If M is a quasi-projective Artinian or
a quasi-injective Noetherian R-module, then S := EndR(M) is a semi-primary ring (i.e., Rad(S)
is nilpotent and S/Rad(S) is semi-simple).
Proof. By the above corollary, S is a strongly π -regular ring, so its Jacobson radical Rad(S)
is nil. Using a theorem of Fisher and Small [ANF-92, Theorem 29.2] Rad(S) is nilpotent, fi-
nally, S/Rad(S) is a semi-local ring (semi-simple) by a result of Camps and Dicks [CAD-93,
Corollary 6]. 
Remark 3.9. All the previous results in this section related with quasi-projective (respectively
quasi-injective) modules are true for semi-projective (respectively semi-injective) modules with
the same proofs. See for instance, [WIS-91] for more details about semi-projective and semi-
injective modules.
Theorem 3.10. Let M be a semi-simple R-module. Then the following assertions are equivalent:
(1) M is strongly Hopfian.
(2) There exists n ∈ N such that every homogeneous component of M can be generated by at
most n elements.
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(4) M is strongly co-Hopfian.
Proof. (1), (3) and (4) are equivalent by Theorem 3.2, because a semi-simple module is quasi-
injective and quasi-projective [ALN-84]. For (1) ⇒ (2), since M =⊕Hi , where {Hi : i ∈ I } is
the set of non-zero homogeneous components of M . Then Hi = S(Ai)i for a simple R-module
Si and a set Ai . Since Hi is a direct summand of M , then it is strongly Hopfian. If Ai is infi-
nite, it is known (see Remark 2.2(8)), that S(Ai)i is neither Hopfian nor co-Hopfian, then Ai is
finite. Assume that Card(Ai) = ni , we can apply Proposition 2.14, because Hom(Hi,Hj ) = 0
for every i = j. Therefore, the set {ni} is bounded. Now for (2) ⇒ (1), we can apply again
Proposition 2.14. 
Corollary 3.11. Let R be a semi-simple ring, and let M be an R-module. Then the following
assertions are equivalent:
(1) M is Noetherian.
(2) M is strongly Hopfian.
(3) M is Hopfian.
(4) M is Generalized Hopfian.
(5) Every homogeneous component of M is finitely generated.
(6) M is of finite length.
(7) M is Artinian.
(8) M is strongly co-Hopfian.
(9) M is co-Hopfian.
(10) M is weakly co-Hopfian.
(11) M is Dedekind-finite (i.e., EndR(M) is a Dedekind-finite ring).
Proof. All modules over a semi-simple ring are semi-simple, and have a finite number of homo-
geneous components. The above proposition and the facts that (3) and (4) (respectively (9) and
(10)) are equivalent to (11) for a quasi-projective (respectively quasi-injective) module [GHH-02]
(respectively [HAV-01]), and (1), (5), (6), (7) are equivalent for semi-simple modules complete
the proof. 
4. Finitely generated strongly Hopfian or strongly co-Hopfian modules
Remark 4.1. Using the example given in Remark 2.16(4)(d), we can give a cyclic module that is
strongly co-Hopfian but has a quotient that is not strongly co-Hopfian. Let {mi : i ∈ I } be a set of
generators of M . Consider the infinite matrix ring RFMI (R) with finite rows. Then MI is a cyclic
and strongly co-Hopfian RFMI (R)-module in the natural way. In fact, the endomorphism ring
EndRFMI (R) MI is isomorphic to EndR(M). The quotient MI/J (M)I , isomorphic to (M/J )I ,
is not strongly co-Hopfian because EndMI (R)(M/J )I is isomorphic to EndR(M/J ) and M/J is
not a strongly co-Hopfian R-module.
Proposition 4.2. Let M be a finitely generated R-module. Then the following statements are
equivalent:
(1) Every quotient module M/N of M is co-Hopfian for every submodule N of M .
(2) Every quotient module, M/N , of M is strongly co-Hopfian.
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a quotient of M , Second Isomorphism Theorem [KAS-82], it is enough to see that M is strongly
co-Hopfian when every quotient of M is co-Hophian. Let x1, . . . , xn be a set of generators of M ,
and f an endomorphism of M , consider T =⋃k1 Kerf k. Since f (T ) ⊂ T , by the Homo-
morphism Theorem, [KAS-82], there exists a unique endomorphism g of M/T such that the
diagram:
M
π
f
M/T
g
M
π
M/T
commutes, g(m+T ) = f (m)+T , moreover Kerg = 0, because f (m) ∈ T if and only if m ∈ T ,
then g is injective and by co-Hopficity of M/T it is surjective. Therefore, there exist y1, . . . , yn
elements of M such that g(yi +M) = xi +M , hence f (yi)−xi ∈ T , by definition we have natural
numbers m1, . . . ,mn such that f mr (xr ) = fmr+1(yr ), 1 r  n. Taking m = max{m1, . . . ,mn}
we obtain Imf m = Imf m+1 and then M is strongly co-Hopfian.
(2) ⇒ (1). Evident. 
Remark 4.3. If Rn is strongly co-Hopfian then every quotient module, Rn/N , of Rn is strongly
co-Hopfian. In fact, let ei the canonical basis in Rn and f an endomorphism of Rn/N with
f (ei +N) = ai +N. Define now the endomorphism g of Rn by g(ei) = ai. Since Rn is strongly
co-Hopfian there exists s such that Imgs = Imgs+1. Now it is easy to see that Imf s = Imf s+1.
Consider an element x + N ∈ Imf s, then x + N = f s(y + N) = gs(y) + N = gs+1(z) + N =
f s+1(z +N).
Taking into account Corollary 3.6, the above proposition and the fact that any quotient of a
finitely generated module is finitely generated, we can add two new conditions to a theorem of
Armendariz, Fisher and Snider [AFS-78].
Corollary 4.4. For a ring R the following conditions are equivalent:
(1) Every finitely generated R-module is co-Hopfian.
(2) Every finitely generated R-module is strongly co-Hopfian.
(3) For every n ∈ N, the R-module Rn is strongly co-Hopfian.
(4) For each n 1, Mn(R) is strongly π -regular.
Corollary 4.5. For a ring R the following conditions are equivalent:
(1) Every cyclic left R-module is co-Hopfian.
(2) Every cyclic left R-module is strongly co-Hopfian.
(3) R is strongly π -regular.
Proof. Conditions (1) and (2) are equivalent by the proposition above. The proof that (3) implies
(2) is in the paper [AFS-78], we give here for completeness. Let M be a cyclic R-module, we
can assume that M = R/I for some left ideal I of R. Let f be an endomorphism of M and let
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there exist y ∈ R and 1  k such that ak = yak+1, so f k(1 + I ) = f k+1(y + I ). It follows that
Imf k = Imf k+1 and we have that M is strongly co-Hopfian. 
Proposition 4.6. Let M be a finitely generated R-module. Then the following statements are
equivalent:
(1) Every quotient module M/N of M is Hopfian and co-Hopfian.
(2) Every quotient module M/N of M is a Fitting module.
Proof. As in the previous proposition it is enough to see that M is a Fitting module. We know
by the above proposition that M is strongly co-Hopfian. Let f be an endomorphism of M , then
there exists an integer m such that Imfm = Imfm+1. Consider now h the endomorphism of
Imfm defined by h(y) = f m(y), this endomorphism is surjective, by co-Hopficity of Imf m,
isomorphic to the quotient M/kerf m, therefore it is injective. This forces Imf m ∩ Kerfm = 0,
that is, M is strongly Hopfian by Proposition 2.5, and hence M is a Fitting module. 
Corollary 4.7. (Hirano and Goodearl [GOO-87,HIR-79]) For a ring R the following conditions
are equivalent:
(1) Every finitely generated R-module is Hopfian and co-Hopfian.
(2) Every finitely generated R-module is a Fitting module.
Proof. Consequence of the previous proposition, and the fact that all the quotients of a finitely
generated module are finitely generated. 
For cyclic modules we have the following result:
Corollary 4.8. For a ring R the following conditions are equivalent:
(1) Every cyclic R-module is Hopfian and co-Hopfian.
(2) Every cyclic R-module is a Fitting module.
As an application of the above results we obtain a simple proof of the following theorem due
to P. Menal.
First we recall that the idealizer of a left ideal I of a ring R is defined by B = {b ∈ R/I : b ⊂ I }
and End(R/I) is anti-isomorphic to B/I [JAC-80].
Theorem 4.9. [MEN-88] For a ring R the following conditions are equivalent.
(1) Every cyclic left R-module is Hopfian and co-Hopfian.
(2) Every cyclic left R-module is a Fitting module.
(3) The idealizer of every left ideal is strongly π -regular.
Proof. By the previous corollary, (1) and (2) are equivalent. To see (2) implies (3) we use the
characterization due to Armendariz, Fischer and Snider [AFS-78] (see Remark 2.2(7)). Since
R is strongly π -regular, for any element b ∈ B, the idealizer of the left ideal I, we have that
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bnrn+1I ⊂ bnI ⊂ I . Thus B is strongly π -regular. Finally, for (3) implies (2), if B is strongly
π -regular then B/I and the ring End(R/I) are so, again by Remark 2.2(7), every cyclic left
R-module is a Fitting module. 
Definition 4.10. We call a ring left completely π -regular when the idealizer of every left ideal is
strongly π -regular.
Examples 4.11.
(1) Every commutative and strongly π -regular ring is completely π -regular.
(2) Every left or right completely π -regular ring is strongly π -regular.
(3) Every left Artinian ring is left completely π -regular.
To see (3), take into account that every cyclic module in an Artinian ring is a Fitting module.
(4) Consider Fn fields, then R =∏Fn is not Artinian but it is completely π -regular because it
is commutative and strongly π -regular.
(5) The next example gives us a ring that is strongly π -regular but it is not completely π -regular.
Let F be a field and R = ( F F(x)0 F(x)
)
.
Consider the left ideal I = ( F F [x]0 0
)
and its idealizer B = ( F F [x]0 F [x]
)
that is not strongly π -
regular.
We can now give a new characterization of rings in which all finitely generated modules are
Fitting modules.
Theorem 4.12. For a ring R the following conditions are equivalent:
(1) Every finitely generated left R-module is Hopfian and co-Hopfian.
(2) Every finitely generated left R-module is a Fitting module.
(3) Mn(R) is completely π -regular for every n ∈ N .
Proof. (2) ⇒ (3). By the above theorem it is enough to prove that every cyclic Mn(R)-module
is a Fitting module. Let N := Mn(R)/I , where I is a left ideal of Mn(R), N is finitely generated
as an R-module by the elements Eij + I , where Eij are the matrix units. Then N is a Fitting
R-module. Let f be an Mn(R) endomorphism of N , then f is also an R-endomorphism and
there exists k  1 such that N = Imf k ⊕ Kerf k.
(3) ⇒ (1). Let N be a finitely generated module and x1, . . . , xk be a set of generators
of N , then Nk is an Mk(R)-cyclic module and so it is a Fitting Mk(R)-module. If f is an
endomorphism of N we have a natural endomorphism g of Nk defined by g(y1, . . . , yk) :=
(f (y1), . . . , f (yk)). Then there exists m 1 such that Nk = Imgm ⊕ Kergm. It is clear now that
N = Imf m ⊕ Kerf m. 
5. An analogue to Hilbert’s basis theorem for strongly Hopfian rings
Theorem 5.1. Let R be a commutative strongly Hopfian ring, then the polynomial ring R[x] is
strongly Hopfian.
The proof is an easy consequence of the following lemma.
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there exists a natural number n such that ann(an+1i ) = ann(ani ) for every i ∈ {0, . . . , r} then
ann(p(x)(r+1)n+1) = ann(p(x)(r+1)n).
Proof. The proof is by induction on the degree of the polynomial p(x). The result is obvious
if r = 0. We suppose that it is true for polynomials of degree less than r and now we take p(x)
of degree r . Let h(x) = bsxs + · · · + b0 ∈ ann(p(x)(r+1)n+1). The first step is to show that bj ∈
ann(anr ) for every j ∈ {0, . . . , s}. It is clear that bs ∈ ann(anr ). Since h(x)p(x)(r+1)n+1 = 0, the
product by anr is again zero and we obtain bs−1 ∈ ann(anr ). In this way we have that bj ∈ ann(anr )
for every j ∈ {0, . . . , s}.
We can consider p(x) as the sum of two polynomials: arxr and pr−1(x) = ar−1xr−1 +
· · · + a0 and apply Newton’s formula to calculate p(x)(r+1)n+1. Taking into account that every
bj ∈ ann(anr ), in the product h(x)p(x)(r+1)n+1 we must consider only terms with powers of ar
less than n. Since h(x)p(x)(r+1)n+1 = 0 the product by an−1r is again zero and it follows that
h(x)an−1r pr−1(x)(r+1)n+1 = 0. By the induction hypothesis h(x)an−1r pr−1(x)(r+1)n = 0 and we
must consider only terms with powers of ar less than n− 1.
Following this process we get h(x)pr−1(x)(r+1)n = 0. It is now easy to check h(x)p(x)(r+1)n
= 0 because all the terms in the development of p(x)(r+1)n with powers of ar less than n have
powers of pr−1(x) greater than rn. 
Remark 5.3. J. Kerr, [KER-90], has constructed a commutative Goldie ring R for which R[X]
does not have the ACC on annihilator ideals.
Corollary 5.4. Let R be a commutative strongly Hopfian ring, then R[x, x−1] is strongly Hopfian.
Proof. Let f (x) = a−rx−r + · · · + a0 + · · · + asxs ∈ R[x, x−1]. As R is strongly Hopfian, we
can assure that there is a natural number n such that ann(ani ) = ann(an+1i ) for all i ∈ {−r, . . . , s}.
We will show that ann(f (x)(r+s+1)n) = ann(f (x)(r+s+1)n+1).
Suppose that g(x)f (x)(r+s+1)n+1 = 0 where g(x) = b−kx−k + · · · + b0 + · · · + blxl. The
product xkg(x) = g1(x) ∈ R[x], xrf (x) = f1(x) ∈ R[x] is a polynomial of degree r + s and
we have g1(x)f1(x)(r+s+1)n+1 = 0. Taking into account the previous proposition we obtain
g1(x)f1(x)(r+s+1)n = 0. Now it is clear that g(x)f (x)(r+s+1)n = 0. 
6. Strongly co-Hopfian Banach algebras
A unital Banach K-algebra (K = R or C) is a K-algebra A whose vector space is endowed
with a complete norm ‖.‖ satisfying ‖1‖ = 1 and ‖ab‖ ‖a‖‖b‖ for all a, b ∈ A. Sinclair and
Tullo, proved that every Artinian or Noetherian (not necessarily unital) Banach algebra [SIT-74]
is finite-dimensional. In our situation, we have the following:
Theorem 6.1. [FHK] Every Banach strongly co-Hopfian K-algebra is algebraic.
Proof. Let A be a Banach strongly co-Hopfian K-algebra. Then the Jacobson radical Rad(A)
of A is nil. On the other hand, by Azumaya–Dischinger result (see Remark 2.2(7)), the Banach
semi-primitive K-algebra A/Rad(A) is π -regular (i.e., for every a ∈ A/Rad(A) there exist n ∈
N and b ∈ A/Rad(A) such that an = anbnan), and hence, by a theorem of Kaplansky, [KAP-50],
it is finite-dimensional. Now, the conclusion is easily derived. 
A. Hmaimou et al. / Journal of Algebra 308 (2007) 199–214 213Remark 6.2. The above result is not true for Banach strongly Hopfian algebras: The Disc al-
gebra, A(D), of continuous complex-valued functions on the closed unit disc, D, of C which
are analytic on its interior with pointwise operations and the supremum norm is a commutative
Banach algebra without non-zero divisors of zero (then strongly Hopfian) that is not algebraic,
see [PAL-93] for more information about the disc algebra.
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